NEW PERTURBATION SOLUTIONS OF THE NONLINEAR
SHALLOW-WATER EQUATIONS IN THE F-PLANE
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Abstract. In the present work we find basic solutions of the 4.l
ciarions of motion of 4 uniform, tnviseid fhaid relative to rot
sarfice. We also apply a perturbation scheme to obtain

“rvelling-wave solutions of the equations,

ane approximation of the
ating axis i a region of a sphierical
a dispersion relation which defines the existence

1. Introduction. When the problem of motion of

a uniform inviscid fluid rolative

toating axes is considered in a region of a spherical surface

such that its characteristic

~.27ns are much smaller than the radius of the sphere, the

equation of motion is

s :roxmately reduced to that of a two-dimensional flow in a plane layer of Huid. If,

rormore, the relative vorticity is small compared with the

Coriolis paramecter ¢

... making the approximation
C' = Cy+ iy

n.obe proved that the equations that describe the problem[1] are
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woed the d-plane approximation,
In a recent work[2], Raupp and Loula proved the existence of travelling wave solu-
“luns of (1) The purpose of the present work is to efectively calculate such solutions

using an adequate perturbational scheme which explores the quadratic character of the
non-linearities

Let H be a reference, constant geopotential, then if we define

i = vV Hu 7=V Hu; b= H;
‘ 7\ VA ) TARA ) el
q = (:iﬁj) T (L_fj) g ot = (Hdz) t.
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and introduce the new variables in (1)

aud cancelling conunon factors, the resulting

equations are parameter-free, or, equivalently, they are cqual to (1) with 4 = 1.and
dimensionless variables, and we shajl refer to them by this last number.
2. Exact Solutions.
2.1. Time Independent Solution. Let us seek solutions of (Dwith w ~— , =
const.and v = vy = const. Then, from (1) we obtain:
1 PeLi)
1.3} —= i = -,
Y i
b
b Yt = ———,
dy -
; b . o 0
2! U +y—— = ).
oz dy

Clearly (3) and (4) iply (5). From (4) we Lave

1o,
Pl y) = o, y) = ) — Sty
Usiug (6) in (3),

(j’(f) = Yy

wns possible only if oy = 0.C7(F) =0, ie. C = const. Wo now choose H so that

: o= LoWe have thus obtained the barotropic solution:

W=ty =T oconst
V=1 =0

.
Q=) =1- E'“-U?JZ-

2.2. Exponentially decaying solution. Lot s choose o
=1 look for periodic solutions in 7 and £ which
frequency. Calling

= U'in the system (1)
have the wave number equal to the

N o=k
i = wf_,
T o= r—t

we then have, with w = /-
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We can treal cquations (9} and (11} as a system i —. . Lhat 1s:

LU FSA

19 (- 1) 2 Ju L 9% ab 0
(12) “ dz ' Oz '
(13 o2 w9

) oy g:

The determinant of the system is either zero or the functions v and ¢ are independent
of =
L the first casc.

A={u—-1"-d=y,

then, using (12),

du
S{u—-1)—=0.
Jz
Since we are analyzing the case in which v and ¢ are not necessarily independent of

z,we must have v = 1, then ¢ = (}in contradiction with the statement of equation (10).
In the second case

Ju LN

= {),
Jz 0z
and for any decaying function u(y), we obtain from (10) a function ®(y),in particular,

l 2
-y
U - (I) — ¢ 2

satisfies the equation, a choice which will be justified later,

3. Non-Linear Problem by PFS Method. Besides the basic solutions of sys-
tern (1), there may exist, and we shall seek for it. a non-trivial, periodic in x and t.
solution which bifurcates from wy = vy = 0,0 = | Let w and & be respectively its
frequency and wave-number. As before, we utilize the transformations (8).

We shall determine this solution through a development syinmilar to the one de-
scribed in [13]. In order to do that, we set
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Using (3} in (1), collecting and cquating powers of £ we oblain:
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Since we seck solutions which are 27 periodic in e and tin particular with travelling-
wave form, we define

"o .

U, = Z kuj{(y,p) cospz +u, (y,p)sinpz| .
p={} '
oo r

v, = Z v (y, p) cospz + 1, (y, p) sin sz .
pe=l
~

b, = L Dy, pyeospz + by, ) sinp.:} .
p=0

with unknown cocfiicients to be determined.

3.1. LHS.
3.1.1. First Equation.
Bk T ‘)(l)n
—wontt = g, + ko = Ry
Jdz
o _
—wo 2 plug (y.op)eos pz =t {y, p) sin pz]
p=1
y 3 o (ypleospr 4+ os () sinpl +
p=0
o0 .
kX p®y(y o pieospz — iy, p)sinpz] = —yu{y,0)
p=1
oG
+ 3 [pwou,, (Y, p) + phd, (. p) — gty p)| cospz
p=1
oG
+ 2 [worgy (y,p) = ph® (5. p) = gr, Ly, p)] sin pe.
=1

!



Then
—yu,) (.0) = 1 (3. 0)
and
Epwge! (o p) F b Pty py = By + gty p).

Sceond Eguaiion.

i, N . o, I
—wy— + yu,, + —— = It
Y0z Y iy ‘

X
—wy 3 plun (y,p)eospz — ¢ (y, p)sinpz] +

p=1
0
y 2 (wh{y,p)eospz +up (y,p)sinpz]  +
i =0
| db ) (yop (b, (y.p) 1 (.0
N b, (y.p) Cos Pz + 4, (. p) sinpz| = yul{y0) + 2yl
) tly (i ! dy
~ r _ f‘l)_+ i,
- N ; —pant, Ly p) + oyt (o p) + RAATAYY cospz
=y ly
B dd -y, n i
- N 1])4.'[1?'?; (y.p) + yie, (g, p) + _M:l silpz.
f=1 dy
Toen
dP (1,0 .
i (y,0) + Ol 0) 1) (y,0)
dy
. Ay, p) _
gy (y.p) + === F pugei (y.p) = R(y.p).

dy

3.1.2. Third Equation.

db,, i,
: +

)
- + he— T =R
wo dz i’z Yy 3

—wy 3. plP, (g p) cospz - Py, p)sinpz] -+
p=1

o
b3 plw, Lyopicospz — ut (y psinpz]  +
p=1

= | dot{y. p du, (y, p fot{y, 0
w Y- D) cos pz + W p) sin 2 dv, {y.0)
p=0 dy dy dy
o0 . . v, (y, p)
+ X \pku, (y,p) — poed (y.op) + ——=25 1 cospz
p=1 dy
= v, (.
+ T | pkwiyp) + pead ) yop) + (f,—f”))] sin pz.
pel cdy
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Then
dvt(y.0) ‘
— = Ri(y. 0
(i',lj 3 (U )
anck
I .j - dv) i )
Fohu Ly p) ok pogb (y.op) = R (y.p) — —
thif
3.1.3. Sumunary of Equations.
—yul(y.0) = R (y,0),
ddt{y, 0
i (g, 0) + uly0) B3 (y,0),
dy
dvt(y,0) .
— = Rf(y.0).
Ay 5 (4. 0)
1o iljvdt!”;:(l"/'-ﬂ) + !”"5(1’;11_ Ly p) — .U"";f(f/\!’) - j"i(.’)’-ﬂ)-
_ ddt (. -
i ity (i, p) + #i F pwor (yop) = Bltyop),
iy
- duF(y, p .
Fphug (y, p) £ puy®E(y, p) + —”ﬂ%}ﬂ = Ri(y.p).
3.2. Case n = 1. In this case R (y,p) = R;t(y,p) = Rily,p) — 0. We now set
= Cosud treat equations (15) and (17) as a system in the unkwnowis wi(y. p), O (y. p).
Lo weterminant of this systems is
Ai E w'(_; - .lnfz
3.3. Subcase wy = +h. U wy = k. adding the equations (10) and (17) we get
doy (y.1) n
—— = yui(y. 1)
&y yuy (y- 1)
Theretore

u]i(y. 1) =0,
otherwise v (y, 1) would be exponentinlly ncreasing, and from (15):
wi (y. 1) = DTy, 1),
Using this in (16):
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Then
]

—

Y (y, 1) = up(y, 1) = A*e 2
We have thus recovered the exponentially decaying solution found in page 3 and. fur-

thermore, justified the choice done theve. I wy = —A sublracting (17) from {1H) we

ot

dvi (1)

= —yed 1),
el

hence

!

._y'.!

vy 1) = A% 2

And from (15).016)

|
Fhul () AT (g 1) = Atye 27
d(l):t(y l) iuz
yn]i(y,l)ﬂt;f’u— = ZhA*e 2
dy

lultiplving the first eequation by . the second one by 4 and adding we have

{
i(]-)i i ~l ] . ".—,r"'.
j:,li'( ]]I(IU ) T il-y(l)f:([)'. 1) — (]‘,., + UZ) x"ijtf‘ 21’
(i
i
AT AT L L o
‘ 1{(?}' ) _ y({)li(y' 1) = + (A,z n .f/')) . S
iy k

Recalling that

- T
/ E’,f""zd;ﬂj = const + % ert(y)
and
S ] N
/ VeV dy = —Ey(f”z + 5 / ¢y
we have

d | -z At . .
—_— 2 1, = 4+ — .2 2 s
o e ¢ (y, 1) + T (A +y )r /
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theretore

I
— 2 Ai ‘ . . . 1 »
o 2’ OY(y. 1) ==+ - k4 er + merf(y)] + (f + —@ e {y) — E-y(”-"' }
At , o A T | 4
==* : k ey + 52 + (k4 1) VT erf{y) - Fue -"z}
A+ s N I ;
— e . 2 Mo g
= = o4+ (B + 1) 5 erf(y) 2_:;( ! }
Then
+ *iuz A* ‘ NEG oV
O (y. 1) - F—rye 2 = ¢+ (k:z + 1) 5 s:ri(_u)] 2

2k
Since (see {5 pp 298)

-~ ave that

yz 9 .U:
— 5 ¥ ey
) < o 9
(, VT 2) < %e 2 erfe(y) < Ve :
2y + ViRt [,
S / 2 (y + oyt b —)
V' T
i oy 1+ L o i i 2
.- R S AL DR S T A e T otetn, 2"
ol =x= TR b k t (fl + l) 70 T 1 (f. 4 l) 5 erfe(y)e?2 .

Since we expect the function to decay exponentially we must have

o= —(A:2+l) ﬁ

2
\With this

At —jl*y2 AT v ;i.u”
2 F - (}\2 + 1) 2

Oy 1) =F ST e : -3“-(-» erfe(y)
and
1 2
kui(y, 1) == }1*;}(?_5” — kO (Y, 1)
o 1t i 2 £ 2
- F Aiye“?‘l + %y:r 2"+ oAt (k* + 1) ﬁciy erfe(y)
=S _ 1 2 l 2

=7 ‘71;9 20+ AR ) ﬁ(’Qy erle(y).
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3.4. Subcase wy # k. In this case A # 0, therefore we can solve the systemn
S15.17) o terms of e (yo By Dy, 1), obtaining

(A"z + l) \Er’?{r erfeiy).

. 1 ded (g, 1)
wy (y 1) = ijt— oyt Ay 1) — /_—](f_i;——_
] 1 dof (4, 1)
(1) = x| Rl ) - wu‘{T
Using these results i (16)
. ddy (y,
yuy (y. 1) + _“_L{,__) Fwouf (y.1) =
ely

y dvfiy, 1) i d dul (y 1)
—1—] [M]uz Py 1) - /.‘—T t:ﬁ? Fyuf (y. 1) — wl,———T Fwovy (y. 1) =
J,,,,rj I g gk ky del (o) wy d* el (y, 1)
= —wy 0y b+ tom s _
l A A1 “} RAUARY { f}.g N } (y F A da?
i fJ’ Iy 1' (lj, 1} u,v'[].'lj2 k r
ST Y gy efgn 1) = 0
3, 02 = { A A, L (. 1)
That is
Y 1 . ke ‘ .
T ;——(—y-—)ﬂ—{w{);———k'z—yz}nf('y,l)* 0.
fiy" ) Wi

~ aradinger Equation[ ] (B, Butkov, pp 472 — 474). whose solution is
S r!f"(y. 1y~ Ale -"'J'"ZH,,,(,U). Tt

where H, (i) is the Hermite polynomial of degree m, provided
n }‘ . 28

. k :
(20) wi — — —k*=2m+1 m>0.
Wy

The dispersion equation (20) yields:

J l ! + f{( : )2 $(2m + 1 3
v = | —— — ) =24 -y
2 Wy \/ W Y
1 11L : T 2mt 1 - ) wd
T == — (2 — whlwh
2 Wo,)ul\J l)] 0
1 / . 3 0
- —Eg (l F sen {wy) \/1 -4 (2m+1- w‘(,}w,‘])
- —— (1 T sen{wy) \fl By — Awd + lw(})
Q'T'r.) &
— (l = syl {wy) \(l - Zw”)l hr!fw“) :
zw'{l
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One must observe that when m = 0.

1 ) 1 o
k= —— {l F sgn (wy) \/(1 — ZL@'(",)Z:L = —— [} Fsputwo) |1 - 2wd],
20:)() zw“

being the only case in which for any given frequency w there exist three values ol the
wave-number &, bocanse for o # 0, the diseriminant is

: . 2
dwy — 20 F D + 1
which is negative in the set

(—u,+. ~u.") U (uf‘ (L*) ,

where

2+ L& (2 + 1) - L
(Ii- = .
2
Care must also be taken in this case with the definition of the different solution branches.
For 0 < w, < 1/v2 we have

' 1 L —Wo
b= 3 [1 T (1-203)] = " f“
while for 1/v/2 < wy
1 : W !
‘ y ( -
= —72:)—(—] [l + (l — Ju)(zj)J - I_w:‘n

Thus, graphically, oue can see in Figure | how the branches continue.
Finally, we have:

J_ . i.;? . .l
ui{y, 1) = £— Cyworf(y. 1) — jp Ay, Ly, 1)
B dy
AT . de ¥ /21 (y)
= = qywpee Y /zhr.,,, S P
Ayl {yw[;( W) dy
AT o . -
- _L_.S_ {'uw“(',i'”_”zfl”’(.U) + ]i‘.")'(‘_” '/2[{m(y) - in'f‘ H—‘J[i;ln,(y}}
1
At .
- 'JEA_fJ-_y_N Hwo + &)yt (y) — 2mkH,,_1(y)}
!
= iQIAI o v/2 {(wo + &) Hooo(y) + 2m (wy — kY I, Hg))
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Fia. Lo Relabwonstogn betwcen w and ke oblained frome the ispesion cguation (3.3) with e = 1),

Fia. 20 Relafionship between w and k obtamed from the dispersion cquation with n = 1,

ol = {ykv?(m R
= ii{- {fﬂ’i:r—"fz""'fﬂ,,,(!/) - w'n‘d(’ : ':!f[“'(-"f)}
- "—'%* v {!ff’ff"’ P ) b wge L) - e -'f"’f’zj-j_,’”_(',,}}
T= “_\K”IT' I g A k) ) = 2l )}
- T_)l]‘ B {{wo + MY HL o ly) = 2wy, — W) 1, aly)



3.4.1. Sumnunary.

. ,1} ENE) (
iy (g 1) ) .J_;K(ﬁ” Gt RV y) 2 eg BT, I{'U)'} .
2o
ey by o e L),
“"1* 2749 .
Pf(y, 1)~ IA e e A R) Hoody) = 2imclewg R G}
LA

We have thus completely solved the problem for o= LI is iimportant to observe

ot we have introduced the unknown frequency in the equation and this fixes i1 when

dispersion equation is solved. However: had we only introduced the wave-number.,

Coon tor any piven Aoowe obtain three values of wy ad, thevefore, the kernel of the

sotional cquations has dimension sixe To tact, the solution. depending on the -
- onditions. nsay consist i the co-existence of the three dilferent types of waves,
coennore, this nplies that the problem not necessarily has a solution for v~ 1
c o= 1o becanse the vight-hand-sides of the equatious should be orthogonal to the

<ot the adjoint operator defined by the variational equations. This amounts to six
woitions and therefore, it would be necessary to have additional parameters (a total

3.5 Case oo b For valies ol o L0 it follows from (1) that the systems with
soe=laes vaven by (517 are no longer homogencons.
= e the svstent formed by the equations (15) and (17} we obtain:

i) {y.p)}

I (y.p) + .w,fw.m] = —— [ Ry -

pA ' PAY iy
l : . A iy p
e — [@",}i’.f(y.p) + k12 (y.pJJ + jwoyt (. p) - jp i Y1) ly.r) _
P iy
. N . Y r dv ity p)
R |8 Ly o)+ .urz,(:u-ﬂ)} AT Iy (y.p) - —a
l _ , , dot iy p

Iwing these results in (16)
Ay, p)

ISy p) T pwov (1, p) =

dy
=0, [’w’nfﬁ (4. p) + kiig (%P)} + jwoy el (y, p) — !"T
| |
1 o ] . : del ly.p ,
- {W*’i‘ (4. p) + woli] (;M))‘ + Ryt yop) - w{lw} }?Pw‘u'ﬂ,i(.u-ﬂ) =
DAy dy — _ ey

l . - o . :
:E {r/ lu,'m'i" Cyop) b kIR (_r/.ij + @ ll.‘/ﬁ (. ) b own ] !y.p)}

1 dot iy, p o et (g p)
= ylwaye,l (g, p) — k 2l + Fyed Gy p) - w . ) Fpwoe) (y.p) =
FIAN di ily il

12
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winlf
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J

3 L I fo gy ) wn ety
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Therefore

wo 2ot p) | Jwet ok
T 1 , + n .y . ‘
!JA] (."_l,"" “()AI !)‘—\] i Y (.U r”)
1 : ; it . ‘ 7
Y {” w27 L p) + BRE G )| 1 i i1 )+ w2 wm}} = 1t}
1]
NENTE N ) , 5 , ‘ Az
_ﬁu,f_4{u ____rf}r,;(,,.,,) RN
3 i o "

| ! .
+— {,f,r [W'E;Hﬂy,p) + W RT(y. p)} + ;— [!\'Hf Ly p) + wolly (4. 11)]} :
r'{;

When p o= 1. the left-hand-side of equation (21} is cqual to the deft-hand-side of
arion (1Y) aned. therefore, we already know that we have a singntar operator. henee,

et -hand-side nmst be orthogonal to the kernel of the adjomt eperator. One may

Tt

coeoa ~inenli operator for other vadnes of g To see this we can proceed as it

g

/

. i |
— A E A = A 2

s expression s equal to 2n . l for some m' if

el — vref

Wi = k-
! pe—1

Cosen any oo’ and p # 1 (22) represents a hvperbolas and if they arve ade-

ochosens the vperbola will ml_.( rseet the curves defined by the dispersion equa-

Thi= means that for o possibly infinite. bt diseretes set ol values of wy and k.

< 1w eoalescence of solantions with dilerent Herniite polyvnonals.

Asstining that wo and A are not related o such aoway, then 1t s still necessary to

cenmine the conditions under which the problem may have o solution, namely, that

~e coetticient of wy be different from zero.

3.6. Solvability Condition. [u order to determine the solvability condition nec-

cesary for the solution of the probleny, we must analyze the second-order approximation

aned evaluate the coctlicient of wy. Thus we have:
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where H,,, () is the Hermite polynowial of deeree s provided wy o — =52 — 241,
w
L. The ripht-hand-sides i (11 - and therefore the vight hand-side of equation
{21) - have two types of terms: lincar in the wiknown luncetions fiultiplicd hy

wy ) oand quadratic. These ared for example. of the lormes

- .
i,

>,
= i

Thus, when 7 = 2 the product vields a factor oxp{ =2(y7/2)) and the solition
must contaan terms proportional to it For o - 3 this right-liad-side has the
iy i , o

7 and iy—— and theretore the factor expt - 3007 /20 Inpeneral,
£ o

il a, contams terms proportional to expl— 0477231 the product will have a

products o,

factor expl nly= /2.

-

20 By the sione token, these products vield harionies of order af most of the <ame
order ol the approsimation.
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cecrve that at any given order of approximation nowe have por cach p hetween 0

el any g from 1 to o the system of equations

Ao o) = R o)

gt

“osthe threc-chagonal matvix delined by the coellicient s

| X
Mo, ’]‘U“" 7y

: _ !
M, St = DA F 20 ) S L)t + 20,
Mowr = lg=Dlg =310+ 2){r+ 1)

soer to solve the differential equation, we start each step choosing p = 1, ¢ = L.then
= reduced to

2 0 0 0 .- UNY R
0 200 1) 0 0 .- L) L)
(0 0 200 —-0) 0 v, L) Riir )

The matrix is diagonal with only one line zevo, wamely the e = i one. The system
will have a solution if and only if

£ 1) R 1) =0,

Y
wlhieh 1s a lincar cquadion inw,, o We choose it i such aoway as to satisfy (240 aned use
this result in the other equations. For all othier values of pothe corresponding system
can simply be solved.
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4. Discussion of Results. We have deterniued o constanul solution as well as
an exponentially decaying one, which is independent of - and 70 We bave also found
travelling-wave soltuions of the variational equations aronind the trivial solution. Tlow-
ever, several problems still remain to be studied. The existence of solutions ot the
variational equations does not imply by itself that the non-linear problein has a solu-
tion of this type. T fuct, it would be necessary 1o prove that the solvability condition,
et is, the coetliciont ol wy o the second order approxitation. is ditlerent from zero, a
thing which is not obvions at atl 10 would also be aportant 1o analyze what happens
in the case of conlescence, Lo the discrete set of values of woand A for which more
than one Hermite polvioowial satisfy the vartational cquations. Finally, it would be
necessary to analyvtically expand the right-hand-sides of the cquations in order to be
able to establish an infinite system of equations whicl determing the Fourier coellicients
and numerically solve a truncated system,
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6. Appendix A.
6.1. RHS.

FIRST EQUATION
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