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GL0BttL l f  ARf ' loN t  c

Abs t rac t

l .  In t  roduçt i9n

ïb i  s  paper

t ions o f  the Ouf f ing

ASYI ' l Í r ï0 ï  I  C  LXt i i i lS  I0 l l -g  t l t

SOLUï IOI IS  OF ïHT DIJFFI I IC  T{ lU f lT IO: I

^ .  f
L e O n  ) ì n r ì j ' '

i s  concerncC r r i t l : -  t ,hê  i ìa r r : ron ' ic  so Ìu-

equat ion r . r i  Ihout  d , r l rP ing:

.  l l a rn ron ic  so lu t iOnS o f  the  i r tho t : i ogenou5rdôr : t ìnü
f reerDuf f ing  equa t ion  ô re  found  us ing  q  va r inn t  o f  t l t l  ne -
thod  o f  'maËhed i l sy r . r i i t o t i  c  cxpan :  io t t s  t Juc  to  $ ' Ì i a  t l : o t : s l ' '
anO t .  Re iss r I  f  ] .T i rcsc '  so lu t , i on : . , ï l ! ' i ç "  l i i l vc  t l re  f rL ' !uency

r - -õ f  the  fo ró íng  ie r r : r ra rc  un ì ro r t . , i l ; '  v .  i i r i  i t r  L  ü r l (  c ì r . ,1 '
i o  t t re  so ls t ionã  o f  the  l . r i  f  u rca t io r t  p ro l i ìe r .  Cc tc r r , : i t i u t l  I  y
the  homogeaeous  0u f f ing  equa t ion .

( t . l ) G[ * ,r,r ,,5 ] +x _ $cos  o1=  Í ì  i ô  i

ï [e  Same prob lenr  has  beer r  t i i e  sub jec t  o f  severa ì

prêv ious in res t igat ions , i  Z  J r I  e  ] ,The nove l ty  o f  t l re  prg

sent  ana lys is  cons is ts  in  the .nre thod appÌ  ie  d ,vh ich ,v ie lds

g loba l  asynrpto t ic  expanr ions o f  per ioc i ic  so lu t ions o f  ( l . l  )

w l th  per iod 2a lw.  
,

l l c  seek tv i  ce  cont i  nuous ly  c l i  f fe rer r  t i  a t r l  c  so  I  u t  ions

x( t ,ô )  o f  ( t . l )  sa t is fY ing

x{ t , ,5 }  =  x (  r  +  ? : , /  r , , , " ) ,

Univers id rde '  Federa l  do  Cearã .0epar tanren to  de 'a tenã t i ca
60 .  000  For ta ìeza  lC t  .1 . Ì ras i  I

I  v . r
t



l l e  de f ine  the

-  3C-

neu  t in re  va r iab le  t  by

He then express ( l . l )  as

(1.2)  c f  x , " ,ü  = ü, t r '  +  x

( ) " ' { - .
d t 2

t  -  o t r

I
x l

3
-ôcost=0,

ïhus  Ì íe  seek  so lu t ions  o f  ( ì .? )  sa t i s f ; r i ng :

( t .3) x ( t ,ô )  =  x ( t  +  ? r r rô ) .

From no l í  onrv Íe  sha l ì  re fer  to  equat ions (1 .?) '

(1 ,3)  
: t  

the  per turbed ProPlem

l te  cons ider  G as an o f ,era t :  I  cn  t l re  I  inear

mani fo ld  o f .L t  [0 r t rJ  o f  the tu ice  cont inuous ly  d i f fe rent ia

b le ,  2n -  per ioc l ic , rea l  va lued fur rc t ions x( t ) ,u i th  x ' (C)=n.

t {e  normal i le  the inner  product  in  L2:0 ,? l ]  by

t
ì>  = ;
tÌ

2 ÍÌ

Jr . ( t )y( t l t ! t
o

i.f e

bi  furcat  I  on

cons i  de r  the  h r ÌF fnon i  c  so l  u t ions  o f  the

prob Ì  em

(1 .4)

(1 . : . )

G[x ,qr rOJ = 0 . ,

x ( t )  s  xo { t }  =  0  r  ü )  a rb i t ra rY



rnd

(  1.6)

prov i  ded

(1.71

2.  0uter

ur  "  s r (e )  s 1- l r r
I

+  0 (e t ) .

-31-

r ( t )  =  x r ( t )  a  €cos cr is  g t '+  Ó( ; * )t _c
t 6

ïhe  smal  I

so lu t ion  o f  (  1 .4)  , l

I

lx l t  -
lt

Flg .

e  is  the ampl i tude o f  theramete r

t

ït

pa

t 8 .

2

Í -
o

( t ) ' d t  =  E l

E lpanq l-o.ns.

In  order  to  f

per turbed prob l  em run l fo

d asynrp to  t i  c

i l y  va l id  in

Ropponse curves cf  t [ "
Ul  furcat lon probì  ern (  I

I
I

so lu t {ons
.4) .

of, ' ;hg

so lu t ions o f  the

(ú  and c lose to  the
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so lu t ions  (1 .5 )  and  (1 .6 ) ' (1 .7 ) 'we  r ÌpP ì ; r  th t  t re t \od  o f

r lngu Ìa r  per tu rba t lons  o f  b i fu rca t ions , l  f  ] . '

l le  beg in  by  looh ing for  outo !

(soìut lons for  r , , r  bounded arrôy f ror . r  o ,o  =

so l  u t ions of  ( Ì ,? )

f  o rn : :I  ) , ;n  t i i c

( 2;.1 ) u (x . ;  )  
-  u ( t , x i r t r , ô )  =

i ( t)  + . i ,urot
J = l  r

, (x i
(r

,  i . =0  r ì

. 6 ) )

def ined  in  ( ì .5 ) ,

,0ne  o Ì ; ta insSubst l  tu t ing

the recurs ive  sys ten o f

x  in  (

I  inea

t .? )  l - y  u  i r i  (1 . ì )

r  equa t ions :

( ,2,21 Gr ' l  +  Gô = Í ì *u ,  +  r t  -  12  u{  {

costo0r

Ir ur- 'ï l

(2 .3 )  C-uo
X r -

t^rt u !i
L

+ Gi r r ì  r l  +  ZGrOu,  +  eOO = Cru? + 
"?  

=

Jrzxi lxruf r  0 ,

and ln  genera l

.  6 run +  tn  =  o ,

tn  depends on

and (? ,3)  are

Hhen tü = (d

,Gx l  rCrOetc . .  i n

r  { ì  = Q

where

(2.21

u* ,  I  <  j

eva Ì  ua ted

o  
=  l r t l re

Io,t,o]

' .  n - l .G x

a t  u  s  * i

o l . ì c l ' i ' t g : "

cï=G*

i s  no t  inver t ib le  because  i t  co r rc iponr i s  to  t l ; c  va r ia t io r ra l

p rob len :  o f  the .  b i fu rca t ion  p roh le r , i  ( t .4 ) ,S ince  th ' :  i nhor : ' o -

geneous  tenr  C  Ã= 
-  cos  t  i n  (2 .3 )  iS  no t .  r , r t f i ocor l r ' t l  t . o  thc

kerne l  o f  the  ad jo ln t  opc re to r  ( { , i  , í , ; :nan5 ion . .  q f  the



r
fo rnr  (2 .1)  can

! !hen

to

ür2., t'" l

and  there fo rc

(  2 .4 j
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nOt  be  va l i t l  e15  ( r r  ' '  0o

i  =  |  i n  ( ? . ì ) rGQUa t i o r t  ( . : . ' ì )  i s

U r  -  C O S  t  =  C ,
, l  .  I

r cduccc l

u(x  )
o

=  u ( t r x  r r r r r ó )

l* ll ' l

F lg .  2  . F lF , .  2  b

F lg .  ?  â ,b  ResFonFe curve-s  i  x  i - . : .F . .o f  Ihe  ou te r  5o l  u t i c r ,

u (x  ) .T l re  r t . l  spo Í rse  cu rvc  o f  i l r€  :o lu t ion  o f  th t :

U i fB rca t iôn  p ro l r ' l c , , t  has  been  d ra t ' tn  as  re fe rê rc€ : .

! .hen  i  =  I  i n  (? .1 ) ' cq t rê t i t t t '  (7 .2 j  can  le  so lvcd

by  expans iong  in  the  e igen func t ions  o f  Cx ' i . c .1 in  the  so ' lu -

t i ons  o f

u Ixo l

,2 (e)q , "  +  [  I  -  x f  ( . ]  ] , ;  =  ] ,ú .



uÍxr l
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.5 )

Th i  s  y ie l  c ls :

u( { t  )  =  u( t  rx1  r r , r 'ô }  =  x1( t 'e  } - : ô
g l

l* l
I

\ l

\
\

\

uíx r l

cos  i  +  0 { { t r l

ô<0

Fig ,  3  a ,b

F le .  i  bF l c .  3  r

Response curves lx l  o f  the outer  soÌut ion
u(xt ) .The response curve of  t l re  so lut ion of  t t re
bi fUrcat ion problern has bcen drawn as reference.

3.  Inner Expa.n: iqns

! r :ne-q  soìu t t io ,Q! -  o f  ( I .2 ) , i .e . ,bounded soÌu t ions

vaÌ id  for  or

hoods of  u)

the form

(3.1)

rr i  th

(3 .2)

c lose to  0 ,orare  found.  s t re tch ing the

.Thus we seek pa. rame. t r izec  soìu t ions

ne ighbor-

o f  (1 .2)  in

Z(t 'u) zr(t) ur,ïj= r

o

L
j =

üt + €un + E,(un)J
2 -

= ü ,
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I  pa ra r re te r "  u in  ( j . t )  and  (3 .? I  i s

def ined by

(3 .3) ô = (  sgn 6)  uot .

.  The constants  n  and n  depend on the non l inear i ty
o f  the prob lenr  anr t  t t rey  r . r r  r  r  be  detcre i  ned ra  ter r r ror rever  I
He can noï Í  requ iee m,  2  bec iuse r i l  <  0  y ie lds  a  so lu t ion
of  ( ì .2 )  wh ich is  d iscont inuous * i th .  respect  to  ô  ,and m a I
a  so lu t ion  ana ly t iç  ln  ôrwhlch vre  l rave seenrcan not  be
bounded xhen u .à  r , ro

Subst , Í tu t ing  x ,  16 anc l  , ï  in  ( l .A)  FV z ,  ur  ônd ô
Ín  (3 .1) - (3 .3)  we obta ln  the recurs ive  s .vs tem:

(3.4)

(3.5)

(3 .6)

n'ït t =

Gite +

+ zt  ã 0r l l' l

Gl*t t  .  t + ? 'u GÏ,utr  *  o l6uu= Gltz + e.=
í

+

zi + zZ + 4r , ruzi  -  ôur, ros t  = 0

cfi t  + Eirrzrzrtr + r{Gïxz'z +.u[cl*.e

+ Gi"r t t  zt l  *  ' , ' ,Glrn, ' t  + t , ,uGïrtr  *  nu,,ol  . r  l

ôuuuG3

'zi+

-2rl-

Girs + R3

t t+etu .ãrAwlz \

i  cos f ,=3
uu l l

+  6u ' r , rz " l
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and  in  genera Ì

GÏ .n  + Rn = o '

(),r=fr
In  (3 .4 ) - {3 .6 )  r . re  hâr re  used  the  fac t

fo r  ã l .e rJ  r r r  and  the  requ i  rement  ôu=

,  (  )o  means eva luat ion x  =  0 r {ú  =  l ,  ì  =0a t

tha t

0

= $f i  [0 , r ,0J

Let

be

for

A

of

cos t

(3 .4)

t Ì  3

t l i e  so  ì  u t  i  on

{3 .5 }  i s

, thenr the  so lvah i  ì  i t y  conc l i t i on

4oÂ
i r
t,

+ô
t ,u= 0

t ç
a l

unbounded as ç

so lu t Íon rvh ich

f i ence  I

! t ,  I  0 r t hen .  / 1  =
P -

- l  0 ,  Ì r  *  ro )  ,o r

depends  on  bo th

-  ô r ru /4 {  
r+n fch  i s  e i the r

zero . In  o rder  to  ob ta in  a

r r r  and  d  , t ' re  f  e r lu i  re  ,p  =d , ,U*  0 .

cond i t i on  fo r .  (3 .6 )  i s

,Z  =  B cos t

The soì  vab i  Ì  i  ty

(3 .7 ] A3+ 8çÂ+4 sgn ô  =  0 ,

dete rmin ing  n  =  ? r r ì  =  J .

Let

g^  =  -3( l
L '

Equat  i  on

çc and on ly

posseses threc  rea l  so l i r t ions

f  g  r  fc .

?s)- '"

(3 .7)

one. ii f  ç  <
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These  so lu t ions  a re :

Â2(E) + i ;  /3 ) l . : n l
c

rh: 're

and

wl  üh

cos{30 )

{
IJ

rftr) ,.

( r; lr) 3

I t i (e)=?/ï :Emco:F

= |  ' r ( :0 ,731 ìcos(R

Ar( i )  = 2 / ( - | ì i i3 )  cos(Ç + 4u/11

= - 2 ssn ô/(-tsg Ti

- f  2sgn6-/ í ,1 .  Cz ronô+ l i

Â : 4+

F lg .4 l rb  So lu t ions  o f  equaË io r r  i : . 7 )

I  r  t , ,

Accord ing l ; r rwc  havc t l ,o  fo l lo r ' ; ing  four  so lu t ions
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CI f  ( 3 .4 )

(3.c) ì -
t '  l 1  r \' l  \  t  r ( ,  l

.i ( t ,; )
, ' l  * r ,  . \
.  

ì  
\  

L  '  . ,  
/

u(xu)  =

^ ì (ç )  cos t

Â j ( r )  cos  i  ;  i  =  ì ,1

, t ï ( ; i  cos  i

a . .  t _ T r  S c r I  r \  ,  . ì
"  L t l r u - ü 1 ,  n -  * ; -  J C 0 S  ì " - Ì j

. {  i ,

i : u te r  expa i t s ions  a fe  va ì id

inner  expans ions  (3 .1 : ) , (3 .

é S S u l Ì c r a S  i t -  i s  L t , S t o t . t  i r t ' ) /

{ . f0

+  o (p ) ,  [ . [ .

f o r  r ^ . bo l : nded

r , )  a re  va l i d

ì n  t l r e  t l : c ' o r5 '

ì
l

)

i ,  -  = C

f > í'  ' c(  3.  9.)

4 .  l l a tch ing

t ie  havc  ob ta inec i  the  r ru te r  cxpan t ions  (2 .1 )

and ' (2 .5 )  o f  t l re  so ìu t io r rs  o f  t , i re  pc r tu rL -c t i  p roL ìcn  (1 .3 ) ,

co r respond ing  to  each  one  o r  the  so Ìu t ion  b ranches  (1 .5 )

and  (1 .6 )  ' (1 .7 )  o f  thc  b i fu rco t ion  J r rob lenr . ln  ac ld i t i o Í ì1 t r ,e

have  de te rn r ined  the  four  inner  so lu t ions r (3 .8 !  fo r  t  "  l ,

and  (3 .9 )  ' f o r  . ,

now connec t  eôch  o f  the  ou te r  expans  ions  to  an  apFrop i , r te

inner  expans ion ,ob ta in ing  a  un  j fo r r . r  re [ ) rcsen ta t ion  o f  t l i e

:0 lu t ions  o f  the  per tu rbee l  p ro t r le r i i , l l e  sha l ì  ca r r , ,0u t  the

process  up  to  the  f i r s t  o rder  in  I r .

l l a tc l r i ng  cond i t ' i ons  ô re  der i vec l  [ , y  f i r s t  cons i -

der ing  ihe  ou te r  coe f f i c jen ts  near  ro  by  express ' in !  thc

ou te r  sü Ìu t ions  ì r r  t c rn rs  o f  t l re  inner  paran ìe te rs  I  and  1 r

ïhus , r . ; *  have

( , ì .1 )

(4  .2 )

ôvJôy  f  ro r ; i

f o r  u  nea r

u{x1}

ïhese

' , ,  ,  thCô -

( ^ r  . I l e
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in  the  theory  o f  rna tch r :d  as i lü ip to i . i c  cx : r0 t l s io r , Í , , tha t  the re

is  a  cqnn ton  ln te rva l  i n  u rh ich  bo th  t , l re  inner  and  ou te r

expans ions  â re  va l  i d  a . rC ,  tha t  th i s  in te rva l  s ! ' r i nks  to  r . r ^
o

when ô - f  0 .S ince ; i r , : . i Í ro€F and outer  pxpt lns ions are  asympto

t ic  expans lons o f  the,same funct io Í r r the i r  d i f fe idnce must

be a fymptot lc  to  zero  on the coÍnmCIr r  in terva l , thcnr t l re  Ì i ' . : l i  t

as  lg l  *  -  o f  each coef f ic ient  o f  F  in
\ '

.  
'u ( t ,x1( t ,u l 'u ( t , ) ,ô (u) )  -  Z( t , t r )

nust  be zgro .

0bserv ing  thô t  as  {  ' r  -d !  ,

. t .

t )lt

s n l? _ : (_ 3/sE ) . -
3,

and tthen { 'r +{a '

(2  sgn t  r t ssn ô(gËl- l !  3(gl)-r l
3 33

ï -' (*E)o . 3
ïe  have

:nd

Thereforerwe obta in  tha cúr rnect io r rs

d iagran

r lesc r i  bed  i  n the  fo l  lou lng



ïhe  response curve

so lu t ionsrF ig .S f l r t r ,  i s  equa l

t . .c t l :ods r (sce for  c : tc . rnJ : le ,  t6 ]

-q  0 -

l * l  -  o r  o f  the  co rços l te

to  those  oh ta incd  by  o the t
j

rpâge  gg  ) .

I
I
I
,
I

r /
t

l"r' ì  t
r l

\ x l
\ \

u(x  l
,o

6>o

I

u(x r  l l l

rf
I

u(xr l .
t  u Íxo l
t
rô
\

trr
ì r r

r l

I

I
I

,,t , /  
lutror

t<çc

u(xo) zl-

u(x l )  c  < '0 z2

u(x l )  c  >  0 23

E u(xo) zì*

,.ì\

F lg .  5  a F l g . 5  b
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